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Pre – Calculus Course 

The main objective of this module is to prepare better the graduate students from

high School to follow a University level module in Calculus and Linear Algebra

The module apart of these lecture notes is also accompanied by: (a) Self – Evaluation

Questions; (b) lecture notes; and (c) simulations/visualizations using GeoGebra

(www.geogebra.org)
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Knocking Down the Myths about 
Mathematics

Help you to love and learn math to the highest levels

Associate Professor Konstantinos Petridis

Department of Electronic Engineering, Hellenic Mediterranean 
University 
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The Motivation 

“changing the stories (or myths) told about mathematics is necessary for changing the

way mathematics is done and the way it is taught. We emphasize the need for change

to combat the sense of repression often associated with mathematics”
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The Outline 

• The Myths about Mathematics

• The planned actions within the framework of the iTEM project
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The Outline 

• The Myths about Mathematics

• The planned actions within the framework of the iTEM project
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Knocking Down the Myths About Maths

People they do not like Math, mainly because of the way it is taught
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The Myths 
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‘Most of the population perceive mathematics as a fixed body of knowledge long set into

final form. Its subject matter is the manipulation of numbers and the proving of geometrical

deductions. It is a cold and austere discipline which provides no scope for judgment

or creativity’

Mathematics is only for engineersA set of basically meaningless disconnected procedures 

that have to be memorized.

the robust myth that mathematical smartness is

exemplified in individuals who consistently complete 

mathematics problems quickly and accurately

Many people seem to believe that, with respect to 

mathematics, the world consists of two groups:

those who are “math people” and those who are not

“My daughter just does not understand math. I told her, ‘Don’t 

worry, honey. I was never

good at math either.”
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About the survey 

• Launched on the 10th of February and closed on the 12th of March 2022.

• Completed by 188 individuals (Students, teachers and other professionals).

• Objective: to mine the myths about Mathematics among the stakeholders.
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Participants’ Profile 



12

PYTHAGORAS Pre-Calculus Course

HMU Survey 
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Myth # 1: Mathematical Platonism 

• Mathematics exists as a complete structure ‘out there’, just 

waiting to be discovered (Platonism): Students learn formal 

skills and algorithms and then they apply those skills in 

exercises 

• Consequence: ‘Mathematics’ means memorizing formal 

algorithms  and procedures for abstract symbol-manipulation.

• Truth:  Mathematics is a human activity; connect mathematics 

teaching with practices that give them meaning!! Mathematize 

the world!!!
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Myth # 1: Mathematical Platonism 

• Mathematics Education should be:

• Active: Engage students n structuring activities rather than

starting with the structure of mathematics (active learning).

• Cultural: Create learning environments (classrooms) that

facilitates the development of students cognitive powers

through their exercise (e.g. the use of technology and

visualization tools along learning and teaching).

• Historical: Engaging students in the history of

mathematics so to see the role of humans towards their

development.

• Social: Mathematics requires social interaction. PBL

shows the facilitation of learning through social interaction.
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Myth # 1: Mathematical Platonism (I) 
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Myth # 1: Mathematical Platonism (II) 
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Myth # 1: Mathematical Platonism (III) 
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Myth # 1: Mathematical Platonism (IV) 
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Mathematics are only for Engineers!!
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Myth #2: Mathematics is only for engineers

• Myth #2: Mathematics is only for engineers!!

• This narrows the role of mathematical literacy in successful democracies !!!

• To show the impact of Mathematics in shaping well informed citizens: engage

students in creative Mathematics and connecting those understandings.

• Citizens with analytical and communicative skills and understandings

necessary to participate in democracy!!
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Myth #2: Mathematics is only for engineers 

“see the humanity behind the numbers and to use mathematics as a 

tool for exposing and

analyzing injustices in society and as a means for convincing others 

of a particular (often non-dominant)

point of view.” 
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Myth #3: The F1 Myth 

• Myth: Complete mathematics problems quickly and

accurately.

• Conclusion #1: Mathematical Learning works against the

notion of speed and answer – oriented mathematics.

• Important features in mathematics education: (a) valuing

multiple solution strategies; (b) requiring student explanation

and justification; (c) naming students’ competence, and (4)

valuing collaborative problem solving.
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Myth #3: The F1 Myth 
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Myth #4: Only Brilliant people are Good at Math
• Myth: Math requires raw intellectual talent or ‘brilliance’ 

• The negative impact of this myth is to place a barrier to girls and ethic

minorities to follow math-related subjects!!!

• Check the percentages of female scientists in Math related disciplines

(natural sciences and engineering)

• The truth: with suitable effort and strategies every school student can

become proficient in mathematics.

• Tip: If, instead, teachers encourage students to engage more deeply with

math by incorporating open-ended projects that are contextualized within the

world outside the classroom (Math meets Industry)
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Myth 4: Only Brilliant people are good in Math 
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Myth #4: Only Brilliant people are Good at Math
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Myth #4: Only Brilliant people are Good at Math
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Myth #4: Only Brilliant people are Good at Math
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Myth #4: Only Brilliant people are Good at Math
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Myth #5: Misconceptions 
• Students’ conception of mathematics as a set of basically

meaningless disconnected procedures that have to be

memorized.

• According to Schoenfeld et al. ‘conception of the nature of

mathematics’ other misconceptions include:

 Mathematics problems have one and only one right answer.

 There is only one correct way to solve any mathematics problem.

 Ordinary students can memorize and not understand mathematics.

 Mathematics is a solitary activity, done by individuals in isolation.

 Students who understand mathematics will be able to solve any assigned

problem in less than five minutes.

 Mathematics have little to do with the real world.Mathematics Counselors 
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Myth #5: Misconceptions (I)
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Myth #5: Misconceptions (II)
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Myth #5: Misconceptions (III)
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Myth #5: Misconceptions (IV)
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The Outline 

• The Myths about Mathematics

• The planned actions within the framework of the iTEM project



37

PYTHAGORAS Pre-Calculus Course



38

PYTHAGORAS Pre-Calculus Course

Future Actions 
• Personalized Education: Address each student misconceptions and facilitate her math learning. 

• Engage students in their learning: give them the opportunity to apply the power of knowledge. 

• Three stages of learning: Romance, Precision and Generalization / Mathematics education at he moment fails to 

introduce the ‘Romance’.

• Build curricula that involves structurally rich activities (real life experiments) / learn mathematics through 

experiments in electronics for example (Play with Mathematics)

• Incorporate ‘Low floor, high ceiling tasks’. – Introduce PBL and Scrum in Higher Education  

• Math intelligence can be improved with hard work. Highlight the effort and strategies to success to your students!! 

Efficient guidance and devotion are the key of success.  
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Future Actions – Suggestions from the Survey 
Participants  

• Provide examples from the easiest to the harder ones (See Pythagoras – AI role in HE).  

• Control the pace of teaching delivery / Address personal needs. 

• Introduce creativity & collaboration along math teaching & learning. 

• Link Math's with the discipline is taught. 

• Promote the discipline and not just solved problems: The History of Math's, the link with 

real life problems. Show the process towards the proposed solution. 
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Future Actions – Suggestions from the Survey 
Participants  

• Engage teachers with passion to teach, give time to their students to learn and be 

challenged. 

• Boost the confidence of students’ regarding their ability to learn and use maths. 

• Promote the collaboration between students during studying Maths. 

• Feel the gap between high and University knowledge math level.

• Introduce visualizations during teaching. 
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Top Five Soft Skills for the STEM Employers
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"The European Commission support for the production of this publication 

does

not constitute an endorsement of the contents which reflects the views only 

of

the authors, and the Commission cannot be held responsible for any use 

which

may be made of the information contained therein."
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How to Learn Maths – for students
Help you to love and learn math to the highest levels
Mathematics mindset can be flourished everywhere 

Associate Professor Konstantinos Petridis

Department of Electronic Engineering, Hellenic Mediterranean 
University 
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How to Learn Maths
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How to Teach Maths 
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The Outline

• Knocking Down the Myths About Math
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Knocking Down the Myths About Maths

People they do not like Math, mainly because of the way it is taught
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Knocking Down the Myths About Math

• Math in the majority of the cases offered as a dry and

monotonous subject; instead it should be taught as a breathing

subject with a lot of ways to access it

• Myths about Maths:

1. Only some people can be good in maths

2. Maths are not linked with real life applications

3. Maths are boring



49

PYTHAGORAS Pre-Calculus Course

Knocking Downs the Myths About Maths
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Knocking Down the Myths About Maths 

• But the truth is the following:

1. The maths are everywhere & and are linked with any subject 

2. Anyone can learn, understand and perform in Mathematics –

learning depends on your experiences. By practicing the 

brain is getting larger 

3. The problem is the way Maths are taught in the University!!!! 
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How to Learn Maths 

Math and Mindset
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Math & Mindset 

• Mindset: your beliefs about you have an impact on math learning

• There are two types of mindsets (according to Carol Dweck):

1. Growth mindset: your smartness increases with hard work

2. Fixed mindset: you believe that you are either smart or you are not or you can do better with hard work but you

cannot change your basic level of intelligence

• Classroom Question: What do you think? What do you think about learning or using Mathematics?
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Math & Mindset 

• It is very important to have a growth mindset to 

learn Maths; in order do not give up in the 1st difficulty 
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Math & Mindset 
• The people with growth mindset are doing better 

in maths because: 

1. They try harder and longer 

2. They see their failures as an opportunity to learn 

more things 

3. They persist and they do not give it up when 

something is hard 
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Math & Mindset 

So a message about Math and you is the following: 
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Math & Mindset

Classroom question: Why do you think that when students were praised for 

being smart they then chose the easy problem?
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Mistakes – New Evidence

• When you make a mistake in maths your brain grows;

since you do not need to get the right answer, you just need

to think of the mistake for synapses to fire!

• It is important to get involved in hard problems that

encourage you to struggle and even make mistakes as

there are the most important times for your brain
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Mistakes New Evidence

Question: ‘How do you feel after 1000 times of failing before the 

invention of the electrical bulb? Edison: I was not failing but I was 

taking steps ahead

‘Genius is one percent inspiration, and ninety nine percent 

perspiration’  
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Mistakes New Evidence
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Math and Speed
• What is the relation between Math and F1?

• None or almost irrelevant

• ‘Being good in Math does not mean being

fast in maths. In fact the opposite is true’

• Being good in maths means to be able to

relate things to each other – to compile thinks!
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Number Flexibility 

• Maths involve just methods & rules 

• You should be fast with Maths 

• Maths is a subject that can be taught 

having a book & a teacher  

Wrong Ideas About Maths 
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Number Flexibility 

• A secret to learn maths is your flexibility with 

numbers 

• High Achievers are more flexible with numbers 

than low achievers 

• Mistakes makes our brains to grow 
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Number Flexibility 

• Use your creativity to reach an answer 

• There are more than one way to solve a problem 

• When a lecturer teaches you how to solve a problem 

try to discover how to reach the same result following 

different path  
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Number Flexibility 
How much does it count 18*5 – Different Options / Use the most friendly numbers 
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Reasoning 

• Talk about Math; this will make the difference

• Try to discuss and study Maths with others 

and not by yourself 

• Students love to learn Maths by each other 

for many reasons  
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Reasoning

• Discussing about Maths is very crucial since at the same time you are reasoning 

• Reasoning: talk through your methods and give reasons for your choices; 

Reasoning allows people to connect ideas and make mathematical 

breakthroughs

• Math Mindset is one of the most crucial assets for your employability along the 

digital era we live 
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Mathematical Connection

• Mathematical connection together with flexibility and

reasoning is the 3rd ingredient of success along learning

mathematics

• For example think in how many different ways we can describe

a function: formula, graph, table and link in a daily life example

• PISA results shows that the high achievers link mathematics in

real world whereas the low achievers try to memorize formulas

and techniques
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"The European Commission support for the production of this publication 

does

not constitute an endorsement of the contents which reflects the views only 

of

the authors, and the Commission cannot be held responsible for any use 

which

may be made of the information contained therein."
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Chapter One: Functions 

69
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An Introduction – A World in Notation

Mathematics is not just a set of tools with which you can calculate things, it is also a

language in which you can make very precise statements about, for example,

numbers. This language uses its own symbols and while we do not think you should be

able to use them yourselves yet, you might encounter them a few times in this course

and perhaps also in more advanced courses you take later. You can use this entry both

as an introduction to the symbols, and as as a reference.

70
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An Introduction – A World in Notation

Depending on the context you would like to talk about all fractions, or just about integers. As such it is convenient to have a

nice name and symbol for a few of the most common sets

• N is the set of Natural numbers, that are all positive numbers. Examples are 1, 13, and 23852

• Z is the set of the integer numbers. Examples are -5, -53, and 78

• Q is the set of all rational numbers. Examples are −73 , 234159023 , and 9

• R is the set of all Real numbers. Examples are e2, π

• C is the set of complex numbers. Examples are 3+j2

71



72

PYTHAGORAS Pre-Calculus Course

An Introduction – A World in Notation
In calculus many of the sets we consider are intervals: sets which contain all real numbers in between their starting point

and their ending point. An interval can either include or exclude its starting and ending points, and several different

notations for this are in use in different sources

• (a,b) is the set of all x with a < x <b (thus excluding the boundary points)

• [a,b] is the set of all x with a ≤ x ≤ b (thus including the boundary points)

• (a,b] is the set all x with a < x ≤ b (thus only including b , but excluding a ). Likewise we have [a,b)

• [a,∞) is the set of all x with a ≤ x. The symbol ∞ denotes infinity: a quantity larger than any real number. Note that

infinity is itself not a number, so it can not be included in an interval. Similarly we have (a,∞), (−∞,b] and (−∞,b)

• (−∞,∞) is the set of all x (i.e. R )
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An Introduction – A World in Notation

Element of: ∈

One thing you want to say over and over again is a sentence like " x is a real number'',

or " x is in the interval [−2,4) '' (that is: " −2≤x<4 "). To abbreviate this statement we

use the "element of"-symbol ∈ . Thus the above two sentences can be written as " x∈R

,'' respectively " x∈[−2,4) .''

We can also say '' x is not an integer'' or " x is not in the interval (−∞,0) .'' by striking

through the "element of''-symbol as follows: " x ∉ Z '', respectively " x ∉ (−∞,0)
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Chapter One: Functions

The Outline

• The role of functions in electronics

• The definition of functions

• The properties of function: domain, range and continuity

74

It is essential to thoroughly understand mathematics in order to become an engineer !!! 
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Functions 

• To face a real life challenge you need to break down it into smaller parts: 

the parameters/factors that determine/govern the problem

• These factors are linked together through functions: polynomial, 

exponential and trigonometric functions

• After the modelling the challenge, you need to solve the functions and 

reach conclusions, test the conclusion under real life conditions 

75
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Functions 

76

The above mathematical modelling cycle can be applied in any real – life 

context
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Functions

• What is a function?

A function is a ‘machine’ that takes values from domain and generates a single value (belongs to

the codomain of the function

77
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Functions

• What is a function?

Examples of functions in electronics:

• The diode

• The operational amplifier

• The active filters

• The transfer function of any amplifier – the Bode Diagrams

78
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Functions

Independent – dependent variables
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Functions
• Types of functions:

Exponential function in electronics: the charging of a capacitor

Trigonometric functions in electronics: the electric field of an e/m wave

Polynomial function in electronics: ??????????
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Functions
• How to describe a function?

a) Through a formula e.g. f(x) = x2 . The disadvantage in this case is that real – life situations is not easy

to be associated with a formula

b) To counter-attack the aforementioned drawback, we describe a function using a table (input/output

columns). The drawback in this case is the limited number of inputs/outputs data. So we have an

incomplete description of the function

c) A third way is through a graph. With a graph you can identify also the properties of the function e.g.

where the maximum or the minimum appears, how fast the function increases or decreases. The

drawback is that you can not find exact values

d) Finally we can describe a function using wording

82
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Functions

83

A graph A Table The Formula
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Functions

• Note One: Sometimes, it is more convenient to describe a function by several

formulas instead of one. For example, consider the absolute value function

abs(x) . If you want to describe what it does, it is convenient to distinguish between

x < 0 and x ≥ 0:

However we have one function we need two formulas to fully describe it!!

84
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Functions
• Note Two: When drawing a graph, you sometimes want to indicate explicitly that a

certain point is not part of the graph. A common way to do this is to use an open

circle. For example, consider the function f that is 1 for all non-zero x , and 2 if x

is 0 . The graph would look like this:

85

The open circle indicates that the line does not continue there, but jumps to y=2. This value is indicated by the blue dot.
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Functions
• Note Three: Not every curve in the plane is the graph of a function. We have seen

that for a function, there should be only one output per input. So for a given x , there

can be at most one y such that the point (x,y) lies on the graph of the function.

86

But, for example, for a circle this is not true.

Indeed, for some values of x , there are two

y -values such that (x,y) lies on the circle.

So a circle cannot be the graph of one

function
a curve in the plane is the graph of a function precisely if

every vertical line intersects the figure in at most one point
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Functions

87
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Functions

88
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Domain, codomain and range

• What is the domain, codomain and range of a function? What numbers can 

you put in a function and what is the influence of the context? 

• To be able to understand the properties of a function we should have an idea of 

the input values for which the function can be defined – the domain of the 

function

• The maximum domain is the range of values a function can take, considering 

any possible limitations 
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Domain, codomain and range

90
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Domain, codomain and range
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Domain, codomain and range
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Domain, codomain and range
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Domain, codomain and range
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Domain, codomain and range
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Domain, codomain and range

96
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Function Increase and Decrease 
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Function Increase and Decrease 

98

• Is this graph increase in

the domain [3,4]

• Is this graph increase in

the domain [2,4]
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Build your Function
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Graphs 

• We locate a point on a real number line by assigning a number.  

• We locate a point in a two-dimensional plane, we locate points by using two 

numbers.

• The rectangular or the Cartesian coordinate system; the coordinate axes.

• The coordinates are an ordered pair (x,y) of real numbers.  

• All the distances between two points can be measured using this system. 

100

The Rectangular Coordinates
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Examples

Example #1: Finding the distance between two points. 

First, plot points (1,3) and (5,6) and connect them with a straight line. Use the Pythagorean 

Theorem to calculate the distance. 
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Examples

Example #2: Finding the distance between two points. 

First, the distance d between points (-4,5) and (3,2). 
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Examples

Example #3: Finding the distance between two points. 

Consider the three points A = (-2,1), B = (2,3), and C = (3,1). 

(a) Plot each point and form the triangle ABC 

(b) Find the length of each side of the triangle. 

(c) Verify that the triangle is a right triangle. 

(d) Find the area of the triangle. 

Solution

• Calculate the three distances (A, B), (B,C), and (A, C)

• Show the Pythagorean theorem. 

• Calculate the area of the triangle. 
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GRAPHS

Use of the Midpoint Formula
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Examples

Example: Find the midpoint of a line segment 

Find the midpoint of the line segment from P1 = (-5,5) to P2 = (3,1). Plot points P1 and P2 and 

their midpoint. 
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Review Questions

1. On the real number line, the origin is assigned the number ….

2. If and 5 are the coordinates of two points on the real number line, the distance 

between these points is….

3. Use the converse of the Pythagorean Theorem to show that a triangle whose 

sides are of lengths 11, 60, and 61 is a right triangle
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Review Questions

4. If the coordinates of a point P are in the XY-plane, then x is called the…of P, and y is the … of P. 

5. The coordinate axes divide the XY-plane into four sections called…

6. The distance between two points is sometimes a negative number. (TRUE/FALSE).

7. The midpoint of a line segment is found by averaging the x-coordinates and the y-coordinates of the 

endpoints.
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Review Questions – real life 

108
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Review Questions – real life 
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GRAPHS

The Graph of an equation

• An equation in two variables is a

statement in which two expressions

(the sides) involving x and y are equal.

• Graphs play an important role in helping

us to visualize the relationships that exist

between two variables or quantities.

110
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Examples

Example: Determining Whether a Point is on the Graph of an Equation. 

Determine if the following points are on the graph of the equation 2x-y=6. (a) (2,3); (b) (2,-2). 

111

Example: Graphing an Equation by Plotting Points 

Graph the equation: y = 2x+5
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Graphs 

Intercepts from a Graph 

• The points at which a graph crosses or

touches the coordinate axes are called

the intercepts: the x-intercept and y-

intercept.

• The intercepts can be found in the graph

but also in an Equation.

Find the intercepts from Graph
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Examples

Example: Finding Intercepts from an Equation. 

Find the x-intercept(s) and the y-intercepts of the graph of y = x2 – 4. Then graph the equation. 
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Graphs

Symmetry with respect to the axes 
and the origin. 

• A graph is said to be symmetric concerning the

x-axis if, for every point (x,y) on the chart, the

point (x,-y) is also on the graph.

• A graph is said to be symmetric with respect to

the y-axis if, for every point (x,y) on the

graph, the point (-x,y) is also on the graph.

• A graph is said to be symmetric with respect to

the origin if, for every point (x,y) on the graph,

the point (-x,-y) is also on the graph.

Examples 
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Examples

Example: Testing for Symmetry. 

Test y = (4x2) / (x2 +1) for symmetry. Test it numerically but also using a graphing utility. 

Example: Using a graphing utility, please study the following key equations: 

(a) y = x3 ; (b) x = y2 ; (c) y = 1/x 
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Graphs – Lines  

• The ratio of the rise to run is called the slope. It

is a measure of the steepness of the line.
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Graphs – Lines  
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Examples

Example: Finding and Interpreting the Slope of a Line Given two Points. 

Calculate the slope m of the line containing points (1,2) and (5, -3). 

Compute the slopes of the lines L1: P = (2,3) and Q1 = (-1, -2) / L2 : P = (2,3) and Q2 = (3, -1) 
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Examples

Example: Graphing a Line Given a Point and a Slope. 

Draw a graph of the line that contains points (3,2) and has a slope of (a) ¾ and (b) -4/5. 
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Graphs – Lines  
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Graphs – Lines  
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Graphs – Lines  
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Examples

Example: Using the Point – Slope Form of a Line. 

An equation of the line with slope 4 containing the point (1,2) can be found using the point-slope form.

Example: Finding the Equation of a Horizontal Line. 

Find the equation of the horizontal line containing the point (3,2). 
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Graphs – Lines  

124

The question in the classroom: What is the physical meaning of m and b? 
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Examples

Example: Finding the slope and y-intercept. 

Find the slope m and y-intercept b of the equation 2x+4y=8. Graph the equation. 
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Graphs – Lines  

126

Graph Lines Written in general Form Using Intercepts

Example: Graph the equation 2x + 4y = 8 by finding its intercepts.  
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Graphs – Lines  

127

Finding Equations of two parallel lines. 

Example: Show that the lines given by the following equations are parallel: 

L1: 2x + 3y = 6 and L2: 4x + 6y = 0 
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Graphs – Lines  

128

Finding Equations of two Perpendicular lines. 

Example: if a line has a slope 3/2, any line having a slope of -2/3 is perpendicular to it. 

Example: Find an equation of the line that contains the point (1, -2) and is perpendicular to the line 

x + 3y =6
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Review Questions – real life 
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Graphs - Circles

130
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Graphs – Circles. 

Example: Writing the Standard Form of the Equation of a Circle

Write the standard form of the circle equation with radius 5 and center (-3, 6). 

Example: Graph the equation: (x + 3)2 + (y – 2)2 = 16. 

Example: For the circle (x + 3)2 + (y – 2)2 = 16, find the intercepts, if any, of its graph. 
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Review Questions – real life 
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Even and Odd functions

133
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Even and Odd functions
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Even and Odd functions
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The absolute value function

136
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The absolute value function

137
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The absolute value function

Properties

138
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Polynomial Functions

• What is a polynomial function? A polynomial function is a function that can be

constructed from a variable and a set of numbers, using only addition and multiplication

• The standard form of a polynomial function is:

where the ai are called the coefficients of the polynomial and the term on the highest

power defines the order of the polynomial

139

𝑓 𝑥 = 𝑎𝑛𝑥
𝑛 + 𝑎𝑛−1𝑥

𝑛−1 +⋯+ 𝑎2𝑥
2 + 𝑎1𝑥 + 𝑎𝑜
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Polynomial Functions

• The importance of the polynomial degree is crucial since determines for x >>0

or x <<0 the behaviour of the polynomial (f(x) ~ anx
n)

• An example:
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Polynomial Functions

• In this pre-calculus module the following polynomial functions will be studied: 

• The zeroth order polynomial function or otherwise called the constant function: y(x) = 

a

• The 1st order polynomial function or otherwise the linear function: y(x) = ax+b

• The 2nd order polynomial function or otherwise the quadradic function:  y(x)=ax2+bx+c
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Polynomial Functions

142
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Polynomial Functions

143
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Polynomial Functions
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Polynomial Functions

145

As the a gets higher values the graph the narrower is 

made 
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Polynomial Functions

146



147

PYTHAGORAS Pre-Calculus Course

Polynomial Functions
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Polynomial Functions
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Polynomial Functions

149
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Polynomial Functions 

• If you want to learn more about polynomials please check the following video 

lectures: 

https://www.youtube.com/watch?v=tIbqykYUZNM&feature=youtu.be

150

https://www.youtube.com/watch?v=tIbqykYUZNM&feature=youtu.be
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Rational Functions
• What is a rational function? A rational function is a function that can be constructed from

a variable and a set of numbers, using addition, multiplication and division
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Rational Functions

152
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Rational Functions

153



154

PYTHAGORAS Pre-Calculus Course

Rational Functions
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Power Functions

• The power functions result from the multiplication of monomials e.g. x2 = x*x

• The general form of a power function is the following: f(x) = xa , where a is an integer 

(positive or negative) and is called the exponent

• Power functions with positive integer exponent demonstrate the same symmetries, 

follow the same calculation rules as these ones with negative integer exponent…..but 

have completely different properties 

• In this section we will study power functions with positive, negative integer and non integer

exponents
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Power Functions

• The power functions in real life are very useful since can be used to calculate 

the surface of a cycle, the volume of a cylinder or the force between two charged 

objects: 
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Power Functions

157
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Power Functions 

158
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Power Functions 

• In this case we have a do not be an integer e.g. a = 1/2 , how do we define x1/2? 

• In general if a = 1/n with n = 1,2,3….then:  

159

𝒙
𝟏
𝒏 = 𝒏 𝒙



160

PYTHAGORAS Pre-Calculus Course

Power Functions 

160
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Power Functions 

161



162

PYTHAGORAS Pre-Calculus Course

Power Functions 

162
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Translations
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Reflections
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Continuity 

What is a continuous function? And what is a piecewise-defined function?

• ‘f is continuous at x = p: a small change on the x – axis results small changes on the y – axis’

• A function that is continuous function in any point of its domain is called continuous function; if a 

function is not continuous in a point is not included within its domain the function is still continuous  

• A continuous function demonstrates the property of the intermediate value: if f is continuous on 

[a,b] then it attains all values between f(a) and f(b) 
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Continuity 

166

A continuous function A noncontinuous function 
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Continuity 
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Continuity 
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Continuity 
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Coordinate systems
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Coordinate systems

171

Cartesian coordinate system

Ο: the origin of the coordinate system (0,0).

Every other point is represented 

with a set of numbers (x, y) 

Polar coordinate system

The position of a point is defined from the 

set of numbers (r,θ)



172

PYTHAGORAS Pre-Calculus Course

172

Transforming Cartesian coordinates to 

polar
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173

Transforming polar coordinates to 

Cartesian
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Functions – Part II

PART II

174



175

PYTHAGORAS Pre-Calculus Course

175

Basic 

trigonometry
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Basic Trigonometry 

• Trigonometry is important to applications in 

Mathematics and to foundations of calculus

• It is extremely useful in calculus, physics,

engineering and the most of the sciences

• The power of the trigonometric functions is

that they are periodical; its values repeat in

certain intervals of domain
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Basic Trigonometry 

Real Life Examples of Periodical Functions 

• Energy Waves

• Biorhythms

• Motion of Planets

177
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Basic Trigonometry 

178
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Basic trigonometry

179

In mathematics the angles are measured in radians than in 

degrees
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Basic trigonometry

180



181

PYTHAGORAS Pre-Calculus Course

Basic trigonometry
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Basic Trigonometry 

182



183

PYTHAGORAS Pre-Calculus Course

Basic trigonometry

183

More…..
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184

Inverse trigonometric functions
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Basic trigonometry

185

The definition of the trigonometric functions through the unit 

cycle
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The trigonometric circle
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187

The trigonometric circle
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Graphs of the basic trigonometric 

functions



190

PYTHAGORAS Pre-Calculus Course

The Trigonometric Functions

What are the rules of calculation for trigonometric functions? Using the Pythagorean Theorem

many rules can be derived. Others are more easily interpreted by considering the graph of the

trigonometric functions, or by considering their definition in the unit circle
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Periodic functions

191

https://commons.wikimedia.org/wiki/File:2019_Cardiac_ConductionN.jpg
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Periodic functions
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Periodic functions
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The Trigonometric Functions

194

• The trigonometric functions are periodic functions. More particularly:

cos(x) = cos(x ± 2π)

sin(x) = sin(x ± 2π)

tan(x) = tan (x ± π)
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The Trigonometric Functions

195

• Rules of calculation using trigonometric functions:
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The Trigonometric Functions

196

• Rules of calculation using trigonometric functions:
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The Trigonometric Functions

197

• Rules of calculation using trigonometric functions:
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Functions – Compositions

Compositions: Functions can be composed by applying a function to another 

function 

e.g. cos(3x+1) or exp(sqrt(x)) or ln(cos(x))

Real life problems in the majority of the cases and in order to be described (see the

work-function of an amplifier) need this type of functions (the composite ones). In this

lecture we will learn how to make these expressions simpler !!
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Functions - Compositions

201
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Functions – Compositions

An example of a composite function is an Assembly Line 

202
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Functions – Compositions

• During the composition of functions the ordering the functions operate has a significant 

role / impact to the final result

• Check it for example for the functions: sin(x) and x2 ; try to operate them in the two different 

orders and check your results
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Functions – Compositions

• An example how useful concept is the composition of the functions in dealing 

complicated functions follows:  
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Functions – Rules of Calculation

• But how does a graph of a composite function look like? Since we can make a composite 

function, combining any two functions, is impossible to be able to present all of them. We 

will restrict in case we wish to make a composite with a linear function
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Functions – Rules of Calculation

206

The two characteristics of a linear

function are: (a) scaling; and (b)

translation
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Functions – Rules of Calculation

207

As you will see, the composition depends on the order of the action; in the below case our function is

elevated by five
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Functions – Rules of Calculation

208

As you will see, the composition depends on the order of the action; in the below case our function is

translated towards left by five
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Functions – Rules of Calculation

209

Another effect is scaling as an effect of the composition of a linear function with our one; an example

follows:
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Functions – Rules of Calculation

210

In case the functions are composed in the reverse order than in the previous case of vertical scaling

then the effect has an impact to the period of the periodic function (horizontal scalling) in this

case:
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Functions – Rules of Calculation

211

As general rule we have:
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Functions – Rules of Calculation

212

We will apply the rules of scaling and translation to the sin(x) function. We have selected sin(x)

since such functions represent a lot of physical phenomena e.g. an electromagnetic wave, an ac

current etc
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The Exponential Function

213
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The Exponential Function

• The interest rate you receive in your deposits in the bank is related to exponential functions

214

The general form of an exponential

function is: Abx where A ≠ 0, b>0 and b≠ 1

(in order do not have the constant

function)
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The Exponential Function

215
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The Exponential Function

216
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The Exponential Function

• The exponential functions are growing faster than any polynomial!!!

217
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The exponential function

218
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The Inverse Functions

• The translation of Celsius to Fahrenheits and the vice versa is an example of

inverse functions!
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The Inverse Functions

220
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The Inverse Functions
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The Inverse Functions
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The Inverse Functions
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The Inverse Functions

224
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The Inverse Functions

225



226

PYTHAGORAS Pre-Calculus Course

226



227

PYTHAGORAS Pre-Calculus Course

227



228

PYTHAGORAS Pre-Calculus Course

The logarithmic function

228

Natural logarithm Other logarithmic functions
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The logarithmic function

Properties

229
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The logarithmic function

Properties – Changing base 

230
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The Logarithmic Function
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The Logarithmic Function

232
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Complex Numbers

233
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Brief introduction
Imaginary numbers

Some equations (such as x2+1 = 0 for example) cannot be 
solved if we are assume that the solution x is a real number 

(we all know that no real number exist such that x2=-1).

This is why mathematicians invented imaginary numbers, 
to be able to solve equations such as x2=-1. The solution to 
this equation, is an imaginary number, called the “imaginary 

unit” i. So, we will have i2=-1, or i=√(-1).

Why not make full use of complex numbers to give a 
“measure of the opposition” that a RLC circuit presents to a 

current when a voltage is applied… That is, the “total 
resistance” of RLC circuits!!! 
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235

Complex Numbers in Electronic Engineering

Voltage, current, resistance, impedance, A/C 

circuits analysis, digital signal processing, 

transients, control systems, digital image 

processing, 

and many many more…
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236

???
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237

Complex numbers were

first mentioned by the

italian mathematician

Gerolamo Cardano
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238
Complex numbers
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Cartesian form
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From https://funnyjunk.com/Imaginary+number/funny-pictures/5224095/
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Argand graph
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242

magnitude or modulus of a complex number
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243

Conjugate complex number

the complex conjugate of a complex number is the number with an equal real part and an imaginary part 

equal in magnitude but opposite in sign

Example
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Polar form
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Euler’s formula
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Example
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Euler’s formula
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Multiplying by j means Rotation by 90o!
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In applications in 

the area of 

electronic 

engineering the 

imaginary unit 

becomes 

j
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Can we apply complex numbers to find the “total resistance” in 

an A/C electric circuit?

Maybe we can do much more by use of complex numbers?

Keywords:

Complex numbers

A/C electric circuit

Resistance, Impedance
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A/C input 

voltage –

supplies A/C 

current to the 

circuit

How does a capacitor 

(C) react to A/C 

current?

How does a resistance 

(R) react to A/C 

current?

How does a 

inductor (L) 

react to A/C 

current?

Experience: The A/C 

voltage through each 

element either lags or 

leads the current… 

SO???
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Impedance - Resistor
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Impedance - Inductor
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Impedance - Capacitor
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Total impedance RLC
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Z
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Impedance in circuits
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Impedance in circuits
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Impedance in circuits
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From http://mrburkemath.blogspot.com/2015/07/
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Chapter Five: Differentiation  

262
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An Introduction

The aim of this chapter is: In this chapter we will learn the definition of a derivative. 

This can be used to calculate speed and to obtain the slope of a tangent line for 

instance. Then we will discuss standard derivatives and rules of calculation, 

followed by exercises to give you the chance to apply these rules. We will also discuss 

the concept of differentiability and the use of differentiation in optimization problems.

263



264

PYTHAGORAS Pre-Calculus Course

Definition of the Differentiation 

• The differentiation as a mathematical action is linked with the optimization process 

• The differentiation is related with the slope of a function; in case of a straight track the 

slope of the function (the rate of its change with distance or with time) is constant; 

whereas in the case of a non straight track the slope changes from point to point. In the 

latter case we calculate the slope of a point!!!

• The differentiation is linked with the calculation of very important quantities e.g. the 

speed and the acceleration of a body  
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Definition of the Differentiation 
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Definition of the Differentiation 
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Definition of the Differentiation 

267



268

PYTHAGORAS Pre-Calculus Course

Definition of the Differentiation 
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Definition of the Differentiation 
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Definition of the Differentiation 
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Definition of the Differentiation 
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Definition of the Differentiation 
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Standard Derivatives & Rules of Calculation

• First, you learn the derivatives of the standard functions. Second, you learn rules to

calculate the derivative of combinations of standard functions. Important rules of

calculation are the product rule and the chain rule

• The way we learn how to calculate the derivative of any function, independently how

complicate could be, is the following:

1. Learn the derivative of the standard functions

2. Apply them and in combination of few rules of calculation, derive the derivatives of

combinations of these functions
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Standard Derivatives & Rules of Calculation 
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Standard Derivatives & Rules of Calculation 
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Standard Derivatives & Rules of Calculation 
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Standard Derivatives & Rules of Calculation 

277



278

PYTHAGORAS Pre-Calculus Course

Standard Derivatives & Rules of Calculation 
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Attention: the highlighted formula is

valid only for superscripts that are

constants
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Standard Derivatives & Rules of Calculation 
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Standard Derivatives & Rules of Calculation

Regarding the derivatives of functions of the type of ax please remember the 

following:
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Standard Derivatives & Rules of Calculation
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Standard Derivatives & Rules of Calculation

• We know that the derivative of a function at a point corresponds to the 

tangent line at this point of the function’s graph 

• It is very important in order to realize the properties of a function, around a point, 

to derive the equation of this line, y=a*x+b
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Standard Derivatives & Rules of Calculation
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Standard Derivatives & Rules of Calculation
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Standard Derivatives & Rules of Calculation
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Standard Derivatives & Rules of Calculation

Non Differentiable Functions

• Can we differentiate any function? Can we differentiate any function at any point?

The answer to all of these questions is no! What is the ‘wrong’ thing with the non

differentiable functions?

• A function is not differentiable at a point, when a tangent line passes through

this point with a finite slope does not exist
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Standard Derivatives & Rules of Calculation
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Standard Derivatives & Rules of Calculation
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Standard Derivatives & Rules of Calculation

• An example of non-differentiable function is: f(x) = x1/3 at zero. Can you explain why?

• Another example of a non-differentiable function is: f(x) = abs(x). Can you explain why?  
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Standard Derivatives & Rules of Calculation

• For optimization it is important to be able to find the minima and maxima of a function

• There are two types of maxima and minima within a graph: the global ones (the highest or 

the lowest value across the function’s domain) or the local ones (the lowest or the highest 

one around a specific point)

• Graph contains points that can be called either (a) critical points (where the derivative is 

zero); (b) singular points (where the derivative is not defined); or (c) boundary points 

(where the derivative is not zero) – Among these points we should check for maxima or 

minima points!! 
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Standard Derivatives & Rules of Calculation
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Standard Derivatives & Rules of Calculation
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Standard Derivatives & Rules of Calculation
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Standard Derivatives & Rules of Calculation
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Standard Derivatives & Rules of Calculation

295



296

PYTHAGORAS Pre-Calculus Course

Standard Derivatives & Rules of Calculation
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Standard Derivatives & Rules of Calculation
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Higher order differentiation
If f is a differentiable function and 𝑓′ 𝑥 =

𝑑𝑓

𝑑𝑥
its first derivative in respect to the 

variable x, then 

the derivative of 𝑓′ 𝑥 (if it exists) is denoted as

𝑓′′ 𝑥 =
𝑑2𝑥

𝑑𝑥2

and is called second derivative of f. 
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Higher order differentiation

The same way, the derivative of the second derivative (if it exists) is denoted as 

𝑓(3) 𝑥 =
𝑑3𝑥

𝑑𝑥3

And is called the third derivative of f. 

Continuing this process, from the (ν-1)-th derivative of f we can derive the ν-th derivative of f. 

The ν-th derivative is called derivative of order νand is denoted as 𝑓(𝜈) 𝑥 =
𝑑𝜈𝑥

𝑑𝑥𝜈
.
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Higher order differentiation

Example:

Assume  f(x)=𝑥3 − 3𝑥2 + 2.

Then

• 𝑓′ 𝑥 = 3𝑥2 − 6𝑥 ,

• 𝑓′′ 𝑥 = 6𝑥 − 6,

• 𝑓(3) 𝑥 = 6and 

• 𝑓(4) 𝑥 = 0.
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Higher order differentiation

The Derivatives Dance
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Differentiation

• If you want to learn more about differentiation please check the following video 

lectures:

1. https://www.youtube.com/watch?v=xd703YLsLAY&feature=youtu.be 

2. https://www.youtube.com/watch?v=Rpum6FRM2UU&feature=youtu.be
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Chapter Six: Integration  
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An Introduction

The aim of this chapter is: In this chapter we will learn the definition of an integral. 

This can be used to calculate distance from speed or speed from acceleration and to 

obtain the area under a curve for instance. Then we will discuss standard integrals 

(definite - indefinite) and rules of integration, followed by exercises to give you the 

chance to apply these rules. 
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Definition of the Integration 

• The integration is a mathematical action is defined as the inverse operation of differentiation 

• The differentiation is related with the area under the curve of a function; it is also related to the 

volume enclosed by given surfaces; we need to integrate to also find the length of a curve.

• The process of integration is linked with the calculation of very important quantities. For example, 

in probability theory, integrals are used to determine the probability of some random 

variable falling within a certain range; integration is also used in physics, to find quantities 

like displacement, time, and velocity.
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Definition of the Integration 

307

Integration is a way of adding slices to find the 

whole.

For example, let’s say we want to calculate the area 

under the curve defined by the graph of f(x):
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Definition of the Integration 

308

We could calculate the function at a few points and add up slices of 

width Δx like this (but the answer won't be very accurate):
A= 𝒇 𝒙 𝜟𝒙

We can make Δx a lot smaller and add up many small slices (our 

answer will be much more accurate) A= 𝒇 𝒙 𝜟𝒙

And as the Δx slices become smaller and smaller so as to approach 

zero in width, the answer approaches the true answer. We write dx to 

mean an infinitesimal Δx.
A= 𝒇 𝒙 𝒅𝒙

A= 𝒇 𝒙 𝒅𝒙
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Integration  
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 𝒇 𝒙 𝒅𝒙

Symbol of integration

(can be seen as a “stretched Σ”)
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Definite Integral

310

If 𝑓is a function defined in an interval 𝑎, 𝑏 then

the definite integral of 𝑓(𝑥) in respect to 𝑥from the point a to the point b is

the area enclosed by the x-axis and the curve 𝑦 = 𝑓(𝑥).

If the curve 𝑦 = 𝑓(𝑥) is above the x axis we say that the area is positive,

while if the curve 𝑦 = 𝑓(𝑥) is below the x axis we say that the area is

negative.
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Definite Integral

311

The definite integral of 𝑓(𝑥) from a to b is written as  𝑎
𝑏
𝑓 𝑥 𝑑𝑥.

For the definite integrals the following rules exist:

If the right and the left limit points of the integral coincide there is no enclosed area 

and the definite integral equals zero, i.e.  𝑎
𝑎
𝑓 𝑥 𝑑𝑥 = 0.

If the right and the left limit points of the integral are swapped, the sign of the integral 

is changed, i. e.  𝑎
𝑏
𝑓 𝑥 𝑑𝑥 = − 𝑏

𝑎
𝑓 𝑥 𝑑𝑥.

If 𝑐 ∈ 𝑎, 𝑏 then

 𝑎
𝑏
𝑓 𝑥 𝑑𝑥 =  𝑎

𝑐
𝑓 𝑥 𝑑𝑥 +  𝑐

𝑏
𝑓 𝑥 𝑑𝑥.
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Definite Integral
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If 𝜆 ∈ ℂthen  𝑎
𝑏
𝜆 𝑓 𝑥 𝑑𝑥 = 𝜆  𝑎

𝑏
𝑓 𝑥 𝑑𝑥

If 𝑔is another function defined in 𝑎, 𝑏 , then

 

𝑎

𝑏

𝑓 𝑥 + 𝑔 𝑥 𝑑𝑥 =  

𝑎

𝑏

𝑓 𝑥 𝑑𝑥 +  

𝑎

𝑏

𝑔 𝑥 𝑑𝑥

 

𝑎

𝑏

𝑓 𝑥 − 𝑔 𝑥 𝑑𝑥 =  

𝑎

𝑏

𝑓 𝑥 𝑑𝑥 −  

𝑎

𝑏

𝑔 𝑥 𝑑𝑥

If ∀ 𝑥 ∈ 𝑎, 𝑏 there is 𝑓(𝑥) ≤ 𝑔(𝑥) then  𝑎
𝑏
𝑓 𝑥 𝑑𝑥 ≤  𝑎

𝑏
𝑔 𝑥 𝑑𝑥
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The antiderivative
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If𝑓is a function defined in the interval 𝑎, 𝑏 then

The function 𝐹(𝑥) is called primitive function or antiderivative of 𝑓(𝑥) if

𝐹′ 𝑥 = 𝑓 𝑥 , ∀𝑥 ∈ 𝑎, 𝑏 .

It is obvious that if 𝐹(𝑥) is an antiderivative of 𝑓(𝑥), then 

then function 𝐹 𝑥 + 𝑐 , where 𝑐 is a constant, 

will also be an antiderivative of 𝑓(𝑥),  because  𝐹 𝑥 + 𝑐 ´ = 𝐹′ 𝑥 . 
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The antiderivative - example

314

The antiderivative of 𝑓 𝑥 = 2𝑥is the function 𝐹(𝑥)=𝑥2, because

𝑥2 ′ = 2𝑥
The same is valid for all functions 𝐹(𝑥)=𝑥2 + 𝑐 , where 𝑐 is a constant, 

because  𝑥2 + 𝑐 ´ = 2𝑥
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Antiderivatives of basic functions

It is up to you to check that 

this table is correct!!!!!
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Indefinite Integral
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Indefinite Integral
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The fundamental theorem of calculus
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The fundamental theorem of calculus
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Integration rules

Integration by parts

From the differentiation rules we know that

so

Integrating both parts of the equation we get

which means that

.
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Integration by parts
.
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Integration rules

Integration by substitution (change of variable)

.
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Integration by substitution
.
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